Statistical analysis on various stocks reveals long range dependence behavior of the stock prices that is not consistent with the classical Black and Scholes model. This memory or nondeterministic trend behavior is often seen as a reflection of market sentiments and causes that the historical volatility estimator becomes unreliable in practice. We propose an extension of the Black and Scholes model by adding a term to the original Wiener term involving a smoother process which accounts for these effects. The problem of arbitrage will be discussed. Using a generalized stochastic integration theory [8] , we show that it is possible to construct a self financing replicating portfolio for a European option without any further knowledge of the extension and that, as a consequence, the classical concept of volatility needs to be re-interpreted.
Introduction
The Black and Scholes model for the price S of a stock, given by the stochastic differential equation dS #Stdt + (rStdWt,
where # is the return rate, cr the volatility and W a Wiener process, is widely accepted as a tool for the valuation of contingent claims (options) on the underlying stock [3] . The presence of long range dependence in the structure of data of stock prices from financial markets suggests, however, that the Black and Scholes model is not entirely realistic [6] and has led to proposals some years ago that the Wiener process in (1) should be replaced by a fractional Brownian motion [4, 8] . Fractional   1 Brownian motion (fBm) B h with Hurst index < h < 1, introduced by Mandelbrot and Van Ness [9] to model long range dependence, is a zero mean Gaussian process with covariance function Fh(t,s): (t 2h + s 2h-It--s Ih).
The fBm version of the Black and Scholes model is then dS #Stdt + rBStdBht.
However, as we will see later on, fractional Brownian motion is not a semi-martingale and there is no equivalent martingale measure, so by general results this implies almost that there must be arbitrage. In fact, Rogers [10] has shown that the model (3) admits arbitrage opportunities by constructing an arbitrage explicitly using the speci- Lin showed that the stochastic integral defined in this way can be regarded as a limit in probability of Riemann sums, (ii) There is lot of practical evidence that markets are not always in equilibrium and allow for arbitrage opportunities for a very short time due to the fact that these opportunities cannot be seen immediately. See [11] . In this situation the stock price model (4) may not be arbitrage free in the strict mathematical sense, but still will be in practice because market participants need time to discover an arbitrage opportunity due to the unknown distribution of Z, at least at the beginning. Once dealers get hold of the distribution of Z and an arbitrage strategy is seen, they will try to carry it out, but, then this will influence the stock price evolution in such a way that the possibility of arbitrage disappears again. In the model (4) this change will be reflected by a change in the distribution of Z after the discovery of the arbitrage. As time goes on there may arise a new arbitrage opportunity which will, however, disappear again after its discovery, and so on. Ct(T, ST)--g(ST) at the maturity time T such that the function C is completely determined by the risk free interest rate r, the volatility coefficient r of the Wiener process and the maturity time T. In particular, r'a'T(t, oet) is given by the standard Black and Scholes formula C a (9) where the process t,s is the solution of the SDE dS r rSrdr + rSrdWr, S s.
(ii) If r--O, then the formula (9) in (i) collapses to Crg'O'T(t, St) e-r(T -t)g(Ster(T-t)).
(10) Remarks: 1) It is not true in general here that there exists an equivalent measure [P* such that the process e-rtS is a martingale with respect to P* and as in the standard theory for option pricing. This is due to the fact that it is not possible to change a process which is not a semi-martingale into a semi-martingale by an equivalent measure transformation.
2) If the process Z has finite variation and if there exists an equivalent measure P* such that the P* distribution of Wt+#-rt is equal to the distribution of the Wiener process W, then it is easy to see that e-rto is a martingale with respect to [P* and that the present result also follows from the standard theory for option pricing. From Girsanov [7] . It is not difficult to show that one can also extend several of these models by including a smoother process Z to account for long range dependence behavior and that similar conclusions can be made concerning the pricing of European options and the concept of volatility.
